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a b s t r a c t
We discuss different properties of Frobenius almost Koszul algebras of periodic type.
We describe their bimodule projective resolutions and their relations with twisted
superpotentials. We give a sufficient condition for a Frobenius almost Koszul algebra of
periodic type to be stably Calabi–Yau. We also discuss the stably Calabi–Yau property of
skew group algebras.
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1. Introduction
The concept of a Calabi–Yau category was introduced by Kontsevich [12]. It appears now in mathematical physics,
algebraic geometry, representation theory of quivers and finite dimensional algebras, etc. In representation theory, the
bounded derived category of finite dimensional modules over an algebra and the stable category of a selfinjective algebra
are two important types of triangulated categories. We call a selfinjective algebra stably Calabi–Yau if its stable category is
a weakly Calabi–Yau category. Recently, stably Calabi–Yau algebras have been investigated by several authors, for example,
[5,8,10], etc. Stably Calabi–Yau algebras of finite representation type were classified in [5], and their stably Calabi–Yau
dimensions were calculated in [8]. In [10], the authors discussed the stably Calabi–Yau dimension of a symmetric algebra of
tame representation type and obtained some interesting consequences.
The notion of an almost Koszul algebra was introduced in [4]. In that paper, the authors studied extensively the
preprojective algebras and trivial extension algebras of Dynkin type. They described the bimodule projective resolutions
and the Yoneda algebras of these two types of algebras.
Preprojective algebras of Dynkin type and trivial extension algebras of path algebras of Dynkin quiver in bipartite
orientation are Frobenius almost Koszul algebras with periodic projective resolutions. Moreover, they are stably Calabi–
Yau. This motivates us to study the almost Koszul algebras with periodic projective resolutions. We call such an algebra an
almost Koszul algebra of periodic type (see Definition 3.1).
In this paper, we study several properties of Frobenius almost Koszul algebras of periodic type. In Section 2, we recall
definitions and terminologies. In Section 3, we show that if A is a Frobenius (p, q)-Koszul algebra of periodic type , then the
(q + 1)th syzygy of graded bimodule resolution of A is isomorphic to τA(p + q), where τ is an algebra automorphism of
A and (−) denotes the degree shift (Theorem 3.4). As an application, we provide different ways to prove Theorem 4.9 and
Proposition 5.1 in [4]. We also show that a Frobenius algebra A is almost Koszul of periodic type if and only if A is defined
by a superpotential such that an associated complex is the first segment of a bimodule resolution of A (Theorem 3.7). Thus,
Frobenius almost Koszul algebras of periodic typeprovide a class of finite dimensional algebras derived fromsuperpotentials.
In Section 4, we discuss the stably Calabi–Yau property of Frobenius algebras. A Frobenius algebra A is stably Calabi–Yau
if there exists a nonnegative integer d, such that the (d + 1)th syzygy of the bimodule resolution of A is isomorphic to ηA,
where η is a Nakayama automorphism of A (Corollary 4.2). Especially, the stably Calabi–Yau property of a Frobenius almost
Koszul algebra A of periodic type can be described via Nakayama automorphisms of A and the quadratic dual A!. Some new
examples of almost Koszul stably Calabi–Yau algebras are given at the end of this section.
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In [21], the authors discussed the problem whether the stably Calabi–Yau property can be extended to a smash product
by a finite group. It is true when the group is abelian and the smash product is symmetric. In the final section, we show that
with somemild conditions imposed on the group action, the algebra A#G is stably Calabi–Yau for an arbitrary finite group G
if A is Frobenius almost Koszul of periodic type and stably Calabi–Yau (Theorem 5.8). We also discuss the stably Calabi–Yau
dimension of A#G.
2. Preliminaries and notations
Throughout, we fix an algebraically closed field k. Unless otherwise stated, all algebras mentioned are assumed to be
associative finite dimensional algebras over k and allmodulesmentioned are assumed to be finitely generated. For an algebra
A, we denote by A-mod (resp. mod-A) the category of finitely generated left (resp. right) A-modules. We denote by A–A-mod
the category of finitely generated A–A-bimodules.
Let A be an algebra, we denote by Ae the enveloping algebra A⊗k Aop. Then an A–A-bimoduleM (k acts centrally) can be
viewed as a left Ae-module. For a left A-moduleM and an algebra automorphism β : A → A, βM denotes the left A-module
twisted by the automorphism β . Similarly, for a right A-module N , we have Nβ .
It is well known that a finite dimensional algebra over an algebraically closed field is Morita equivalent to a basic algebra
(equivalently, it is Morita equivalent to a quotient of a path algebra) (see e.g. [1, Cor. II.2.6 and Cor. III.1.10]). In the rest of
the paper, without loss of generality, we assume that the algebras mentioned are basic unless otherwise stated.
2.1. Generalities on graded and tensor algebras
By a graded algebra A, we mean a positively Z-graded algebra with its component of degree 0 semisimple. That is,
A = ⊕i⩾0Ai, where A0 semisimple and AiAj ⊆ Ai+j. If A is finite dimensional, then there is an integer n ⩾ 0, such that Ai = 0
for i > n. We denote by A-gr (resp. gr-A) the category of finitely generated graded left (resp. right) A-modules and graded
morphisms of degree 0. We denote by A–A-gr the category of finitely generated graded A–A-bimodules and morphisms of
degree 0. In this paper, a graded A–A-bimoduleM = ⊕i∈ZMi is an A–A-bimodule such that AiMj ⊆ Mi+j andMjAi ⊆ Mi+j for
i, j ∈ Z. For a homogeneous element a ∈ A, we denote by |a| its degree. Let M = ⊕i∈ZMi be a graded module, we denote
by M(l) the lth degree shift ofM . That is,M(l) = ⊕i∈ZM(l)i and M(l)i = Mi−l for each i ∈ Z. For graded modules M , N , we
denote by HomA(M,N) the space of all A-module homomorphisms. We write
HOMA(M,N)d = {f ∈ HomA(M,N) | f (Mi) ⊂ Ni+d}
and
HOMA(M,N) =

d∈Z
HOMA(M,N)d.
Since we only consider finitely generated modules, we have HOMA(M,N) = HomA(M,N).
In the rest of the paper, we fix a finite dimensional semisimple k-algebra S ∼= k× k× · · · × k. Without otherwise stated,
unadorned ⊗ means ⊗S . For a finite dimensional S–S-bimodule V , we denote by T (V ) = S ⊕ V ⊕ V⊗2 ⊕ · · · the tensor
algebra over V . The algebra T (V ) is a natural graded algebra.
Let Q = (Q0,Q1) be a finite quiver with the set of vertices Q0 and the set of arrows Q1. We denote by kQ the path algebra
of the quiver Q . We write a composition of paths from right to left. Denote by {ei | i ∈ Q0} the set of trivial paths. This
is a complete set of primitive idempotents of the algebra kQ . Let S¯ = kQ0 and V be the natural S¯–S¯-bimodule with basis
{v | v ∈ Q1}. Then the path algebra kQ can be identified with the tensor algebra T (V ) over V . One refers to [1, Sec. III.1] for
more detailed discussion about path algebras.
2.2. Superpotentials and derivations
Let V be a finite dimensional S–S-bimodule. There are three different ways to get an S–S-bimodule dual to V :
(1) V ∗ = Homk(V , k), with bimodule action (s · f · t)(v) = f (tvs);
(2) V ∗r = HomS(VS, SS)with bimodule action (s · f · t)(v) = sf (tv);
(3) V ∗l = HomS(SV , SS)with bimodule action (s · f · t)(v) = f (vs)t .
However, there are natural isomorphisms from (−)∗r (resp. (−)∗l) to (−)∗[6, Sec. 2.1]. In the following, we just identify
the above three dualities.
For γ ∈ V ∗ and v ∈ V , we write [ ] for the canonical pairing
[γ v] = [vγ ] = γ (v).
Such a pairing can be extended to a pairing [ ] : V ∗⊗k × V⊗l → V⊗(l−k)(l ⩾ k) as
[γ1γ2 · · · γkv1v2 · · · vl] = [γ1[γ2 · · · [γkv1] · · · vk−1]vk]vk+1 · · · vl.
Other cases, such as [ ] : V ∗⊗k × V⊗l → V ∗⊗(k−l)(l ⩽ k), [ ] : V⊗k × V ∗⊗l → V ∗⊗(l−k)(l ⩾ k) and [ ] : V⊗k × V ∗⊗l →
V⊗(k−l)(l ⩽ k) can be defined similarly.
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Following [6, Sec. 2.2], a superpotential of degree n is an element ω ∈ V⊗n in the tensor algebra T (V ) such that for any
γ ∈ V ∗,
[γω] = (−1)n−1[ωγ ].
Let τ be an algebra automorphism of the tensor algebra T (V ) and τ1 : V → V be the component of degree 1 of τ . A
twisted superpotential ω of degree nwith respect to the automorphism τ is an element ω ∈ V⊗n in the tensor algebra T (V )
such that for any γ ∈ V ∗,
[τ¯1(γ )ω] = (−1)n−1[ωγ ],
where τ¯1 : V ∗ → V ∗ is the transpose of τ1 : V → V .
For every twisted superpotential ω and every i ⩽ n, a bimodule morphism ∆ωi : (V⊗i)∗ ⊗ (τ S) → V (n−i) is defined by
∆ωi (γ ⊗ s) = [γωs]. The image of∆ωi is denoted byWn−i. The derivation-quotient algebraD(ω, i) of ω of order i is defined
to beD(ω, i) = T (V )/⟨Wn−i⟩, where ⟨Wn−i⟩ is the ideal of T (V ) generated byWn−i.
From the definition of a twisted superpotential, we can see that every twisted superpotential ω with respect to an
automorphism τ induces a nondegenerate bilinear form ⟨−,−⟩ : W ∗|ω|−i⊗W ∗i → k given by ⟨α, β⟩ = [αβω] for α ∈ W ∗|ω|−i
and β ∈ W ∗i . The bilinear form satisfies ⟨α, β⟩ = (−1)|α||β|⟨β, τ¯ (α)⟩, which induces an S–S-bimodule isomorphism
(Wi)τ ∼= W ∗|ω|−i.
For more detail about superpotentials, one refers to [6].
2.3. Almost Koszul algebras and quadratic algebras
Let V be a finite dimensional S–S-bimodule and T (V ) be the tensor algebra over V . The algebra A = T (V )/⟨R⟩ is called
quadratic if R is a subspace of V ⊗ V . The quadratic dual A! of A is defined to be T (V ∗)/⟨R⊥⟩,where V ∗ is the dual bimodule
of V and R⊥ is the orthogonal complement of R in V ∗ ⊗ V ∗.
Let τ be an algebra automorphism of a quadratic algebra A = T (V )/⟨R⟩ of degree 0. Let τ1 : V → V be the component of
degree 1 of τ . The transpose τ¯1 of τ1 from V ∗ to V ∗ can be extended to an algebra automorphism of T (V ∗). It is easy to see
that (τ¯1 ⊗ τ¯1)(R⊥) ⊂ R⊥. So τ¯1 induces an algebra automorphism τ¯ of A! of degree 0. In the rest of the paper, we simply call
the automorphism τ¯ constructed in the above way the automorphism induced by τ .
Definition 2.1. [4, Def. 3.1] A graded algebra A = ⊕i⩾0Ai with A0 = S is called left almost Koszul if there exist integers
p, q ⩾ 1 such that
(a) Ai = 0, for all i > p, and
(b) there is a graded exact complex of left A-modules
0→ W → Pq → · · · → P1 → P0 → A0 → 0, (1)
where Pi is projective and is generated by its component of degree i for all i = 0, . . . , q, andW = Ap ⊗ (Pq)q. In this case, A
is also called a left (p, q)-Koszul algebra.
A left (p, q)-Koszul algebra is also a right (p, q)-Koszul algebra [4, Prop. 3.4]. In the rest of the paper, by a (p, q)-Koszul
algebra, we mean a (p, q)-Koszul algebra generated by A0 and A1 with p, q ⩾ 2. In this case, the algebra must be non-
semisimple and quadratic [4, Prop. 3.7].
Now let us recall the definition of a Koszul complex. Let A = T (V )/⟨R⟩ be a quadratic algebra. For i ⩾ 0, define a
S–S-submodule K i of V⊗i as follows,
K 0 = S, K 1 = V , K 2 = R, K i+1 = VK i ∩ K iV for all i ⩾ 2.
The left Koszul complex of A is
· · · → A⊗ K n → · · · → A⊗ K 1 → A⊗ K 0 → 0,
where the differentials are the compositions of the following maps
A⊗ K n → A⊗ VK n−1 → AA1 ⊗ K n−1 → A⊗ K n−1.
The quadratic algebra A is a (p, q)-Koszul algebra if and only if An = 0 for all n > p, Km = 0 for all m > q and the only
nonzero homology of the left Koszul complex of A are A0 in degree 0, and Ap ⊗ K q in degree p+ q [4, Prop. 3.9].
Lemma 2.2. Let A be a (p, q)-Koszul algebra with A0 = S. We have the following graded exact sequence in A-gr:
0→ Ap ⊗ A!∗q → A⊗ A!∗q
dq−→ A⊗ A!∗q−1 → · · · A⊗ A!∗1
d1−→ A⊗ A!∗0 → A0 → 0.
Proof. By Proposition 3.9, Remark 3.10 in [4], the Koszul complex is isomorphic to:
0→ A⊗ A!∗q
dq−→ A⊗ A!∗q−1 → · · · → A⊗ A!∗1
d1−→ A → 0,
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where the differential
di : A⊗ A!∗i → A⊗ A!∗i−1
is induced by the dual multiplication map A!i−1 ⊗ A!1 → A!i and the identification of A!∗1 with A1. So it is a graded complex in
A-gr. Moreover, only 0th and (p+ q)th homology are nonzero, which are A0 and Ap ⊗ A!∗q respectively. 
Remark 2.3. LetW = Ap ⊗ A!∗q . We setW 0 = S andW n = W⊗n for n ⩾ 1. Since S is semisimple, for each n ⩾ 0, we have
the following graded exact complex:
0→ W n+1 → A⊗ A!∗q ⊗W n
dq−→ A⊗ A!∗q−1 ⊗W n → · · · → A⊗ A!∗1 ⊗W n
d1−→ A⊗ A!∗0 ⊗W n → W n → 0.
These complexes can be spliced together to form a projective resolution of A0,
· · · → A⊗ A!∗0 ⊗W 2 → A⊗ A!∗q ⊗W 1 → · · · → A⊗ A!∗1 ⊗W 1 → A⊗ A!∗0 ⊗W 1 → A⊗ A!∗q
→ · · · → A⊗ A!∗1
d1−→ A⊗ A!∗0 → S → 0.
Since each term A⊗ A!∗i ⊗W n is generated in degree n(p+ q)+ i, this resolution is minimal. Moreover, this exact complex
provides a minimal projective resolution of S in A-mod.
2.4. Calabi–Yau property
Let (C , T ) be a Hom-finite triangulated category. A triangulated autoequivalence (S, α) is called a Serre functor
(cf. [13, Sec. 2.6], [14]), if there are natural isomorphisms for X, Y ∈ C ,
tX,Y : HomC (Y , SX)→ HomC (X, Y )∗. (2)
Moreover, these isomorphisms are compatible with the shift functor T of C in the following sense,
tX,Y T−1(αX )∗ = −T ∗tTX,TY . (3)
AHom-finite triangulated category is called a d-Calabi–Yau category if it has a Serre functor S and there is an isomorphism
of triangulated functors (S, α) ∼= (T d, (−1)d) for some integer d ([12], cf. [13]). If S ∼= T d as functors, thenC is called aweakly
d-Calabi–Yau category [13].
Let A be a selfinjective algebra and A-mod the stable category (cf. [1, Ch X]) of A-mod. The stable category A-mod is a
Hom-finite Krull–Schmidt triangulated k-linear category with [1] = Ω−1 [11, Sec. I.2], whereΩ is the syzygy functor. That
is, for an A-module X , the moduleΩX is the kernel of the projective cover of X .
For an algebra A, we denote by ν the Nakayama functor HomA(−, A)∗ ∼= A∗ ⊗A −, and by T the Auslander–Reiten
translation. If A is selfinjective, then T ∼= νΩ2 in A-mod (see e.g. [1, Prop. IV.3.7]). By the Auslander–Reiten formula
(cf. [2, Thm. 2.13] and [1, Cor. IV 4.4]), we have for X, Y ∈ A-mod,
HomA(X, Y ) ∼= Ext1A(Y , T X)∗ ∼= HomA(Y ,Ω−1T X)∗,
which are natural in both variables. So functorΩ−1T satisfies condition (2). The condition (3) can be used to makeΩ−1T
into a triangulated functor (Ω−1T , α) [3, Appendix]. It is a more difficult task to check whether there is an isomorphism
of triangulated functors (Ω−1T , α) ∼= (Ω−d, (−1)d) for some integer d. Therefore, in the present paper, we only focus on
the weakly Calabi–Yau property. As a matter of fact, the weakly Calabi–Yau property is often sufficient for applications (see,
eg. [13]). We call a selfinjective algebra stably Calabi–Yau if its stable category is a weakly Calabi–Yau category. So A is a
stably Calabi–Yau algebra if and only if there is an isomorphism of functors T ∼= Ω−d+1 (or equivalently, ν ∼= Ω−d−1) for
some integer d. If d is the minimal nonnegative integer satisfying the isomorphism, then d is called the stably Calabi–Yau
dimension of A.
2.5. Frobenius algebras
An algebra A is called Frobenius if A ∼= A∗ as left A-modules in A-mod. So Frobenius algebras are selfinjective. An algebra
A is Frobenius if and only if there exists a nondegenerate bilinear form (−,−) : A× A → k satisfying that (a, bc) = (ab, c)
for all a, b and c ∈ A. The isomorphism A → A∗ is given by a → (−, a) for a ∈ A. More detail can be found in [7, Sec. 61].
Lemma 2.4. Let A = ⊕pi=0Ai be a basic graded algebra with A0 = S and Ap ≠ 0, then the followings are equivalent:
(a) A is Frobenius.
(b) dim Ap = dim A0 and if {µ1, µ2 · · ·µn} is a basis of Ap, then the bilinear form defined by (a, b) = (∑ni=1 µ∗i )(ab) is
nondegenerate.
(c) A(−p) ∼= A∗ as graded left A-modules in A-gr.
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Proof. This lemma is actually proved in [20, Sec. 3]. We include the proof here for the sake of completeness. It is also a
generalization of [18, Lemma 3.2].
(b)⇒ (c) The map a → (−, a) defines a left A-module homomorphism of degree 0 from A(−p) to A∗. It is injective since
the bilinear form is nondegenerate. Thus it is an isomorphism since A is finite dimensional.
(c)⇒ (a) Trivial.
(a)⇒ (b) Under the assumption that A is a finite dimensional basic algebra over an algebraically closed field, the algebra
A is isomorphic to a quotient of a path algebra. By [16, Prop. 3.2 and Thm. 3.3], we have Ap ∼= SocA. Thus dim Ap = dim A0.
Next, we prove that the bilinear form defined in (b) is nondegenerate. Let b ∈ A, if (−, b) = 0, then Ab ∩ Ap = 0. Since A is
Frobenius, A is the injective hull of SocA. So Ap is essential in A and Ab ∩ Ap = 0 implies that b = 0. Similarly, (b,−) = 0
also implies b = 0. Therefore, the bilinear form is nondegenerate. 
Remark 2.5. In part (a) of Lemma 2.4, we only require that A ∼= A∗ in A-mod. In other words, the lemma shows that if
A = ⊕pi=0Ai is a basic graded algebra with A0 semisimple and Ap ≠ 0, then A ∼= A∗ in A-mod implies A(−p) ∼= A∗ in A-gr.
The bilinear form in Lemma 2.4 is nondegenerate. Thus, given an element a ∈ A, there is a unique element η(a) ∈ A such
that (a,−) = (−, η(a)). This defines a graded algebra automorphism of degree 0. Moreover, this automorphism yields an
isomorphism Aη(−p) ∼= A∗ in A–A-gr. The automorphism η is unique up to inner automorphisms and is called a Nakayama
automorphism.
3. Bimodule resolutions of almost Koszul algebras
In this section, we keep the following notations. Let V be a finite dimensional S–S-bimodule with basis V = {v1,
v2, . . . , vm}. We denote by {v∗1 , . . . , v∗m} the dual basis in V ∗. Let A = T (V )/⟨R⟩ be a quotient of the tensor algebra over
V . Wewill investigate a special class of Frobenius almost Koszul algebras, which have periodic resolutions. There is a certain
duality for the bimodule resolutions of this special class of almost Koszul algebras.
3.1. Almost Koszul algebras of periodic type
Definition 3.1. Let A = ⊕pi=0Ai be a (p, q)-Koszul algebra with A0 = S. Let
0→ W → Pq → · · · → P1 → P0 → A0 → 0
be the graded exact complex as in (1). IfW ∼= A0(p+ q), then we say that this (p, q)-Koszul is of periodic type.
Lemma 3.2. Let A = ⊕pi=0Ai be a graded algebra with A0 = S. For every finitely generated right graded S-module X, there is an
isomorphism of graded right A-modules in gr-A:
HomA(A⊗ X∗, A) ∼= X ⊗ A.
Proof. First we have HomA(A⊗X∗, A) ∼= HomS(X∗, A) in gr-A. Since S is semisimple and X is a finitely generated S-module,
we have an isomorphism
ψ : X ⊗ A → HomS(X∗, A)
in gr-A defined by [ψ(x⊗ a)](f ) = f (x)a for x⊗ a ∈ X ⊗ A and f ∈ X∗. Therefore, HomA(A⊗ X∗, A) ∼= X ⊗ A. 
It is proved in [4, Prop. 3.11] thatA! is (q, p)-Koszul ifA is (p, q)-Koszul.WewonderwhetherA! is a Frobenius (q, p)-Koszul
algebra if A is a Frobenius (p, q)-Koszul algebra. The following proposition partially answers this question.
Proposition 3.3. Let A be a Frobenius (p, q)-Koszul algebra. Then its quadratic dual A! is Frobenius if and only if A is of periodic
type.
Proof. Since A is a (p, q)-Koszul algebra, by Lemma 2.2, we have the following exact sequence in A-gr:
0→ Ap ⊗ A!∗q → A⊗ A!∗q
dq−→ A⊗ A!∗q−1 → · · · A⊗ A!∗1
d1−→ A⊗ A!∗0 → A0 → 0. (4)
The differentials di : A⊗ A!∗i → A⊗ A!∗i−1, 1 ⩽ i ⩽ q, are defined by di(1⊗ α) =
∑
v∈V v ⊗ v∗ · α, for α ∈ A!∗i . The dual A!∗
is a natural A!-A!-bimodule, here v∗ · α means the left action of v∗ on A!∗. Each term A⊗ A!∗i is generated in degree i, so the
complex provides the first q+ 1 terms of the minimal projective resolution of A0.
Assume A is of periodic type, then Ωq+1(A0) ∼= A0(p + q). So A0(p + q) ∼= Ap ⊗ A!∗q . After applying the exact functor
HomA(−, A) to the complex (4), we have the following exact sequence in gr-A:
0→ HomA(A0, A)→ HomA(A⊗ A!∗0 , A)→ · · · → HomA(A0(p+ q), A)→ 0.
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By Lemma 3.2, there is an isomorphism fi : A!i⊗A → HomA(A⊗A!∗i , A) in gr-A for each i. Moreover, we have HomA(A0, A) ∼=
A0(p) in gr-A since A is Frobenius. We obtain the following commutative diagram in gr-A:
0 / A0(p) /

A!0 ⊗ A
δ1 /
f0

A!1 ⊗ A
f1

A0(−q)

/ 0
0 / HomA(A0, A) / HomA(A⊗ A!∗0 , A) / HomA(A⊗ A!∗1 , A) HomA(A0(p+ q), A) / 0
The differentials δi : A!i−1 ⊗ A → A!i ⊗ A, 1 ⩽ i ⩽ q, are defined dy δi(β ⊗ 1) =
∑
v∈V βv∗ ⊗ v, for β ∈ A!i−1, where βv∗ is
just the multiplication in A!. By shifting, we get the following exact sequence in gr-A:
0→ A0(p+ q)→ A!0 ⊗ A(q)
δ1(q)−−→ A!1 ⊗ A(q)→ · · · A!q ⊗ A(q) ε−→ A0 → 0, (5)
which is clearly the first segment of the right minimal projective resolution of A0.
The following exact sequence also provides the first segment of the right minimal projective resolution of A0 by the right
version of Lemma 2.2.
A!∗q ⊗ A
d′q−→ A!∗q−1 ⊗ A → · · · A!∗1 ⊗ A
d′1−→ A!∗0 ⊗ A → A0 → 0, (6)
where the differentials d′i : A!∗i ⊗ A → A!∗i−1 ⊗ A, 1 ⩽ i ⩽ q, are defined by d′i(α ⊗ 1) =
∑
v∈V α · v∗ ⊗ v, for α ∈ A!∗i . So we
have an isomorphism between the following complexes in gr-A,
A!0 ⊗ A(q) /

A!1 ⊗ A(q)

A!q−1 ⊗ A(q) /

A!q ⊗ A(q) /

A0 /

0
A!∗q ⊗ A / A!∗q−1 ⊗ A A!∗1 ⊗ A / A!∗0 ⊗ A / A0 / 0.
Therefore, there is an isomorphism of graded right S-modules Ψ : A!(q) → A!∗ such that Ψ ⊗ id is an isomorphism
of complexes in gr-A. This is equivalent to say that (Ψ ⊗ id)δ = d′(Ψ ⊗ id). That is, for any α ⊗ a ∈ A!∗i ⊗ A, we have∑
v∈V Ψ (α · v∗)⊗ va =
∑
v∈V Ψ (α) · v∗ ⊗ va. Thus Ψ is a right A!-module isomorphism, and A! is Frobenius.
Conversely, if A! is Frobenius, then A!q ∼= A!0(q) ∼= A0(q). Thus Ap⊗ A!∗q ∼= A0(p+ q) and the complex (4) is isomorphic to:
0→ A0(p+ q)→ A⊗ A!∗q
dq−→ A⊗ A!∗q−1 → · · · A⊗ A!∗1
d1−→ A⊗ A!∗0 → A0 → 0.
So A is of periodic type. 
Now, we discuss the bimodule resolution of Frobenius almost Koszul algebras of periodic type.
For a graded algebra A = ⊕i⩾0Ai, let ξ be the automorphism defined by multiplying (−1)m with elements in Am.
Theorem 3.4. Let A be a Frobenius (p, q)-Koszul algebra of periodic type. ThenΩq+1Ae A ∼= ξq+1φ¯ηA(p+ q) in A–A-gr, where η is a
Nakayama automorphism of A and φ¯ is the automorphism of A induced by a Nakayama automorphism φ of the quadratic dual A!.
Proof. By [4, Thm. 3.15], the minimal projective bimodule resolution of a (p, q)-Koszul algebra A begins as follows:
A⊗ A!∗q ⊗ A
Dq−→ · · · → A⊗ A!∗1 ⊗ A
D1−→ A⊗ A!∗0 ⊗ A → A → 0, (7)
where the differentials Di, 1 ⩽ i ⩽ q, are defined by Di(1⊗ α ⊗ 1) =∑v∈V v ⊗ v∗ · α ⊗ 1+ (−1)i∑v′∈V 1⊗ α · v′∗ ⊗ v′,
for 1⊗ α ⊗ 1 ∈ A⊗ A!∗i ⊗ A. Here, ‘‘·’’ also denotes the left (right) A!-module action on A!∗. In fact, it is a graded projective
resolution of A in A–A-gr.
If A is a Frobenius algebra with a Nakayama algebra automorphism η, then Ae is also Frobenius [9, Example 1.1.8]. By
Lemma 2.4 and the graded version of [9, B.0.10 and Lemma 2.1.35], we have
HomAe(A, Ae) ∼= ηA(p) and HomAe(A⊗ A!∗i ⊗ A, Ae) ∼= A⊗ A!i ⊗ A
hold in A–A-gr. By applying the exact functor HomAe(−, Ae) to the complex (7), we get the following exact sequence in
A–A-gr,
0→ ηA(p)→ A⊗ A!0 ⊗ A
∆1−→ A⊗ A!1 ⊗ A → · · ·
∆q−→ A⊗ A!q ⊗ A.
The differentials ∆i, 1 ⩽ i ⩽ q, are defined by ∆i(1 ⊗ α ⊗ 1) = ∑v∈V (−1)iv ⊗ v∗α ⊗ 1 +∑v′∈V 1 ⊗ αv′∗ ⊗ v′, for
1⊗ α ⊗ 1 ∈ A⊗ A!i ⊗ A, where v∗α and αv′∗ are products in A!.
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The proof will be completed after we show that the following two complexes are isomorphic.
A⊗ A!0(q)⊗ A
f0

∆1 / · · ·
∆i / A⊗ A!i (q)⊗ A
fi

∆i+1 / · · ·
∆q / A⊗ A!q(q)⊗ A
fq

A⊗ A!∗q ⊗ Aξq+1φ¯
Dq / · · ·
Dq−i+1 / A⊗ A!∗q−i ⊗ Aξq+1φ¯
Dq−i / · · ·
D1 / A⊗ A!∗0 ⊗ Aξq+1φ¯
(8)
Since A is a Frobenius almost Koszul algebra of periodic type, then A! is Frobenius. Let ψ is the bimodule isomorphism
from 1A!φ(q) to A!∗. Define fi : A⊗ A!i(q)⊗ A → A⊗ A!∗q−i ⊗ Aξq+1φ¯ , 1 ⩽ i ⩽ q, as follows:
fi(x⊗ α ⊗ y) = (−1)κ(i)x⊗ ψ(α)⊗ ξ q+1φ¯(y),
where κ : N→ N is the map defined as follows:
κ(i) =
 i+1
2 , if i is odd;
i
2 , if i is even.
It is clear that each {fi} is a graded isomorphism. To show the diagram (8) is commutative, we only need to show that
fi+1∆i+1(1⊗ α ⊗ 1) = Dq−ifi(1⊗ α ⊗ 1)
holds for any 1⊗ α ⊗ 1 ∈ A⊗ A!i(q)⊗ A, 0 ⩽ i ⩽ q− 1. Let
φ(v∗i ) =
m−
j=1
cijv∗j and φ
−1(v∗i ) =
m−
j=1
dijv∗j , 1 ⩽ i ⩽ m,
where cij, dij ∈ k. Then φ¯(vi) =∑mj=1 cjivj.
On one hand,
fi+1∆i+1(1⊗ α ⊗ 1) = fi+1

m−
k=1
(−1)i+1vk ⊗ v∗kα ⊗ 1+
m−
l=1
1⊗ αv∗l ⊗ vl

= (−1)κ(i+1)+i+1
m−
k=1
vk ⊗ ψ(v∗kα)⊗ 1+ (−1)κ(i+1)
m−
l=1
1⊗ ψ(αv∗l )⊗ (−1)q+1φ¯(vl)
= (−1)κ(i+1)+i+1
m−
k=1
vk ⊗ v∗kψ(α)⊗ 1+ (−1)κ(i+1)
m−
l=1
1⊗ ψ(α)φ−1(v∗l )⊗ (−1)q+1φ¯(vl)
= (−1)κ(i+1)+i+1
m−
k=1
vk ⊗ v∗kψ(α)⊗ 1
+ (−1)κ(i+1)
m−
l=1
1⊗ ψ(α)

m−
j=1
dljv∗j

⊗ (−1)q+1

m−
j′=1
cj′ lvj′

= (−1)κ(i+1)+i+1
m−
k=1
vk ⊗ v∗kψ(α)⊗ 1+ (−1)κ(i+1)
m−
j,j′=1
m−
l=1
cj′ ldlj ⊗ ψ(α)v∗j ⊗ (−1)q+1vj′
= (−1)κ(i+1)+i+1
m−
k=1
vk ⊗ v∗kψ(α)⊗ 1+ (−1)κ(i+1)+q+1
m−
j=1
1⊗ ψ(α)v∗j ⊗ vj.
On the other hand,
Dq−ifi(1⊗ α ⊗ 1) = (−1)κ(i)Dq−i(1⊗ ψ(α)⊗ 1)
= (−1)κ(i)
m−
k+1
vk ⊗ v∗kψ(α)⊗ 1+ (−1)q−i+κ(i)
m−
l=1
1⊗ ψ(α)v∗l ⊗ vl.
When i is even, we have
(−1)κ(i+1)+i+1 = (−1) i+22 +i+1
= (−1) i2
= (−1)κ(i).
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When i is odd,
(−1)κ(i+1)+i+1 = (−1) i+12 +i+1
= (−1) i+12
= (−1)κ(i).
So (−1)κ(i+1)+i+1 = (−1)κ(i). Similarly, (−1)κ(i)−i = (−1)κ(i+1)+1. Therefore, fi+1∆i+1 = Dq−ifi.
Now {fi} are isomorphismsof graded complexes. So (Ωq+1Ae A)ξq+1φ¯ ∼= ηA(p+q), which implies thatΩq+1Ae A ∼= ξq+1φ¯ηA(p+q)
in A–A-gr. 
Remark 3.5. Let η′ and φ′ be other two Nakayama automorphisms of A and A! respectively. The foregoing proof of
Theorem 3.4 does not dependent on the choice of Nakayama automorphisms. Therefore, we still have the isomorphism
Ω
q+1
Ae A ∼= ξq+1φ¯′η′A(p+ q) in A–A-gr.
Remark 3.6. From the proof of Theorem 3.4, we can see thatΩq+1Ae A ∼= ξq+1φ¯ηA is also true in A–A-mod.
3.2. Relation with superpotentials
Let ω be a twisted superpotential and A = D(ω, i), where i = |ω| − 2. As in [6, Sec. 6], we define a complex of A–A-
bimodules as follows,
0→ A⊗W|ω| ⊗ A
D|ω|−−→ A⊗W|ω|−1 ⊗ A → · · · D1−→ A⊗W0 ⊗ A → 0, (9)
where the differentials Di, 1 ⩽ i ⩽ |ω|, are defined by
Di(a⊗ w1 · · ·wi ⊗ b) = aw1 ⊗ w2 · · ·wi ⊗ b+ (−1)ia⊗ w1 · · ·wi−1 ⊗ wib,
for a, b ∈ A andw1 · · ·wi ∈ Wi.
The following theorem gives the relation between Frobenius almost Koszul algebras of periodic type and twisted
superpotentials. It turns out that Frobenius almost Koszul algebras of periodic type provide a class of finite dimensional
algebras derived from superpotentials. The proof of Theorem 3.7 is modified from [6, Thm. 6.2], which gave the relation
between superpotentials and Koszul Calabi–Yau algebras.
Theorem 3.7. Let A = ⊕pi=0 be a Frobenius algebra. Then A is a (p, q)-Koszul algebra of periodic type if and only if A is isomorphic
to a derivation-quotient algebraD(ω, q− 2), where ω is a twisted superpotential of order q with respect to an automorphism τ
making the complex (9) exact except in degree 0 (with H0 = A) and in degree q.
In this case, the automorphism τ and the automorphism ξ q+1φ¯ only differ by an inner automorphism, where φ¯ is the
automorphism of A induced by a Nakayama automorphism φ of A!.
Proof. Assume that A is a Frobenius (p, q)-Koszul algebra of periodic type. By Proposition 3.3, the quadratic dual A! is
Frobenius. Let {µ1, µ2 · · ·µn} be a basis of A!q. By Lemma 2.4, the function Tr given by Tr(α) = (
∑n
i=1 µ
∗
i )(α), for α ∈ A!q,
defines a trace function on A!q such that for α1 ∈ A!i and α2 ∈ A!q−i,
Tr(α1α2) = Tr(α2φ(α1)), (10)
where φ is a Nakayama automorphism of A!. Since A!q is a quotient of V ∗⊗q, the trace function Tr can be viewed as an
element in V⊗q. Let φ¯ be the induced automorphism on A. The Eq. (10) indicates that the trace function defines a twisted
superpotential ω with respect to the automorphism ξ q+1φ¯. To be more precisely,
ω =
−
vi1 ,...,viq∈V
Tr(v∗iq · · · v∗i1)vi1 · · · viq .
The trace function also induces a nondegenerate bilinear form (−,−) : A! ⊗ A! → k. Let ϕi : A!q−i → A!∗i be the map
defined by α → (−, α). Then A!∗i ∼= Imϕi. By the definition ofWi, 0 ⩽ i ⩽ q, we have A!∗i ∼= Wi as S-modules. In particular,
R ∼= A!∗2 ∼= W2. So A ∼= D(ω, q− 2).
Conversely, assume A = D(ω, q − 2), where ω is a twisted superpotential of order q with respect to an automorphism
τ , and the following complex is exact,
A⊗W|ω| ⊗ A
d|ω|−−→ A⊗W|ω|−1 ⊗ A → · · · d1−→ A⊗W0 ⊗ A → A → 0.
The superpotential ω induces a nondegenerate bilinear form ⟨−,−⟩ : W ∗|ω|−i ⊗ W ∗i → k given by ⟨α, β⟩ = [αβω] for
α ∈ W ∗|ω|−i and β ∈ W ∗i . The bilinear form satisfies ⟨α, β⟩ = (−1)|α||β|⟨β, τ¯ (α)⟩. Similar to the proof of Theorem 3.4,
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we can construct an isomorphism of complexes {gi}1⩽i⩽q making the following diagram commutative.
A⊗W∗0 (q)⊗ A
g0

D∗1 / · · · / A⊗W∗q−i(q)⊗ A
gi

D∗q−i+1 / · · ·
D∗q / A⊗W∗q (q)⊗ A
gq

A⊗Wq ⊗ Aτ
Dq / · · · / A⊗Wi ⊗ Aτ
Di / · · ·
D1 / A⊗W0 ⊗ Aτ .
Similarly, we have Ωq+1Ae A ∼= τηA(p+ q) in A–A-gr. Therefore, Ωq+1A A0 ∼= A0(p + q). Hence, A is a (p, q)-Koszul algebra of
periodic type.
By Theorem 3.4, we have τηA(p+ q) ∼= ξq+1φ¯ηA(p+ q) in A–A-gr. It follows that τ and ξ q+1φ¯ only differ by an inner
automorphism. 
Remark 3.8. It is known that a Nakayama automorphism of a Frobenius algebra is unique up to inner automorphisms. In the
above proof, when finding a superpotential associated to a given Frobenius almost Koszul algebra of periodic type, different
choice of a trace function gives a different twisted superpotentials. But the two twisted automorphisms only differ by an
inner automorphism. Moreover, we can see that the corresponding derivation-quotient algebras are isomorphic.
3.3. A pair of typical examples
In this subsection, we apply Theorems 3.4 and 3.7 to preprojective algebras and trivial extension algebras of Dynkin
type. These two types of algebras are typical examples of almost Koszul algebras of periodic type. With our assumption on
a (p, q)-Koszul algebra (after Definition 2.1), we do not consider the Dynkin quiver of type A1.
3.3.1. Definitions
For the definition of preprojective algebras,we follow the first definition in [4, Sec. 4.1] (cf. [19]). The notations are slightly
different from there. We write a composition of paths from right to left. The definition of the trivial extension T (A) of an
algebra A can be found in [11, Sec. I.3.1].
Let Q = (Q0, Q1) be a Dynkin quiver. The preprojective algebra B(Q ) is the quotient kQ/ρ, where Q is a quiver, which
has vertex set Q0 and arrows yji : i → j and yij : j → i corresponding to each arrow i → j in Q1. The ideal ρ is generated by
ρi =∑j∈N(i) ϵijyijyji, i ∈ Q0, where N(i) is the set of neighbors of i in Q and
ϵij =

1 if i → j ∈ Q1
−1 if j → i ∈ Q1.
When Q is in bipartite orientation, the trivial extension algebra T (kQ ) of path algebra kQ is also a quotient of the path
algebra kQ . To distinguish with the preprojective algebra, we denote the arrows by xji : i → j and xij : j → i corresponding
to each arrow i → j in Q1. Then T (kQ ) = kQ/ρ¯, where ρ¯ is the ideal generated by xijxji − xihxhi for j, h ∈ N(i) and xhjxji for
h ≠ i.
Remark 3.9. The foregoing definition of preprojective algebras is independent of the orientation of Q (up to algebra
automorphisms). On the other hand, the trivial extension algebras of path algebras of Dynkin quiver with the same
underlying graph are derived equivalent, hence their stably categories are equivalent as triangulated categories.
For the convenience, in the rest of the paper, we assume that Q is in bipartite orientation. By a trivial extension algebra
of Dynkin type we mean the trivial extension algebra of a path algebra of Dynkin quiver in bipartite orientation.
The trivial extension algebra T (kQ ) and the preprojective algebra B(Q ) are both Frobenius almost Koszul algebras of
periodic type and they are quadratic dual to each other. In fact, the preprojective algebra is a (hQ − 2, 2)-Koszul algebra
[4, Cor. 4.3] and the trivial extension algebra T (kQ ) is a (2, hQ − 2)-Koszul algebra [4, Prop. 3.11], where hQ is the Coxeter
number of the Dynkin diagram. They are n+ 1, 2(n− 1), 12, 18 and 30 for An, Dn, E6, E7 and E8 respectively. The (graded)
minimal projective resolutions of simple modules over a preprojective algebra were given in [4, Prop. 4.2].
3.3.2. Bimodule resolutions
Let Si, i ∈ Q0, be the simplemodule ofB(Q ) corresponding to the vertex i (One refers to [1, Sec. III.1] for the representations
of a quiver). The Nakayama functor ν defines a permutation on the vertices, which is given by ν(Si) = Sν(i).
Trivial extension algebras are always symmetric. For a preprojective algebra B(Q ), the algebra automorphism β defined
below gives a Nakayama automorphism of B(Q ) [4, Thm. 4.8]. It is defined on generators by
β(ei) = eν(i), β(yij) =

yν(i)ν(j) ϵij = 1
ϵν(i)ν(j)yν(i)ν(j) ϵij = −1.
As an application of Theorem 3.4 to preprojective algebras and trivial extension algebras of Dynkin type, we give another
proof of [4, Thm. 4.9 and Prop. 5.1]. Notice that the Dynkin diagrams are all trees. Therefore, for a trivial extension algebra
or a preprojective algebra of Dynkin diagram, the algebra automorphism ξ is always inner.
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Corollary 3.10. We have the following conclusions.
1. The third syzygy of the bimodule resolution of the algebra B(Q ) is βB(Q ).
2. The (hQ − 1)th syzygy of the bimodule resolution of the algebra T (kQ ) is β¯T (kQ ), where β¯ is the automorphism defined on
generators by
β¯(ei) = eν(i), β¯(xij) =

xν(i)ν(j) ϵij = −1
ϵν(j)ν(i)xν(i)ν(j) ϵij = 1.
Proof. ‘‘1’’ follows from the fact that a trivial extension algebra is a symmetric algebra.
2. The algebra automorphism β¯ induced by the automorphism β is defined as follows,
β¯(ei) = eν(i), β¯(xij) =

xν(i)ν(j), ϵν(j)ν(i) = 1;
ϵjixν(i)ν(j), ϵν(j)ν(i) = −1.
We have
ϵij/ϵν(i)ν(j) =
−1 Q is of type An, n is even;
1 Otherwise.
Therefore, when Q is of type An, n is even,
β¯(xij) =

xν(i)ν(j) = ϵν(j)ν(i)xν(i)ν(j), ϵij = 1;
ϵjixν(i)ν(j) = xν(i)ν(j), ϵij = −1.
In other cases,
β¯(xij) =

xν(i)ν(j), ϵij = −1;
ϵjixν(i)ν(j) = ϵν(j)ν(i)xν(i)ν(j), ϵij = 1.
In summary, the algebra automorphism defined in ‘‘2’’ is just the algebra automorphism induced by a Nakayama
automorphism of B(Q ). We complete the proof. 
In [4, Prop. 5.1], the authors describe the syzygy as T (kQ )α , where α is defined on the generators by
α(ei) = eν(i), α(xij) =

xν(i)ν(j) ϵij = 1
ϵν(i)ν(j)xν(i)ν(j) ϵij = −1.
For any xij, we have α(xij) = ϵijϵν(j)ν(i)β¯(xij). Moreover, ϵijϵν(j)ν(i), i, j ∈ Q0 is a constant. Therefore, α and β¯ only differ by an
inner automorphism. Moreover, we have α2 = 1. Thus, T (kQ )α ∼= β¯T (kQ ) as bimodules.
3.3.3. Superpotentials
Now, we want to discuss superpotentials of preprojective algebras and trivial extension algebras. It is known that for a
preprojective algebra, the element ω = ∑i∈Q0(∑j∈N(i) ϵijyijyji) is a superpotential and the algebra B(Q ) is isomorphic to
D(ω, 0).
It is a routine job to exhibit the twisted superpotential of a trivial extension algebra of Dynkin type. We give the one of
type A4 as an example.
Example 3.11. Let A be the trivial extension algebra of type A4. That is, A ∼= kQ/ρ¯, where Q is the following quiver
1
x21
'
2
x32
'
x12
g 3
x23
g
x43
'
4
x34
g
and ρ¯ is the ideal generated by
x(i+2)(i+1)x(i+1)i, xi(i+1)x(i+1)(i+2)
and
x(i+1)ixi(i+1) − x(i+1)(i+2)x(i+2)(i+1),
1 ⩽ i ⩽ 2.
The algebra A is a (2, 3)-Koszul algebra. The 4-th syzygy of the bimodule resolution of the algebra A is β¯A, where β¯ is the
automorphism defined on generators by
β¯(ej) = e5−j
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and
β¯(xi(i+1)) = x(5−i)(4−i), β¯(x(i+1)i) = x(4−i)(5−i)
for 1 ⩽ j ⩽ 4 and 1 ⩽ i ⩽ 3. The element ω = x43x32x21 + x32x21x12 − x32x23x32 + x34x43x32 + x23x34x43 − x23x32x23 +
x21x12x23 + x12x23x34 is a twisted superpotential with respect to the automorphism β¯ and A ∼= D(ω, 1).
4. Calabi–Yau property of almost Koszul algebras
In this section, all modules are treated in ordinary (ungraded) module categories.
Preprojective algebras associated to non-Dynkin quivers are typical examples as Koszul 2-Calabi–Yau algebras. They are
also of the form D(ω, i) where ω is a superpotential such that a complex associated to the superpotential is a projective
resolution of A as bimodule. In [6] the authors proved that in general an algebra A = T (V )/⟨R⟩ is Koszul Calabi–Yau if and
only if it is of the form D(ω, i), where ω is a superpotential and a complex associated to the superpotential is a bimodule
resolution of A.
As shown in the previous section preprojective algebras of Dynkin type are typical examples of Frobenius almost Koszul
algebras of periodic type. They aremoreover stably Calabi–Yau. In this section the aim is to provide an analogue of the result
[6] for Frobenius almost Koszul algebras of periodic type.
These facts are even motivations for the results of Section 3.
4.1. Calabi–Yau property for Frobenius algebras
In this subsection, Ext0A(−,−) = HomA(−,−).
Proposition 4.1. Let A be a Frobenius algebra with a Nakayama automorphism η. If there exists a nonnegative integer d and an
algebra automorphism β , such that Ωd+1Ae A ∼= βA as A–A-bimodules, then for any nonprojective indecomposable modules X, Y
and integer 0 ⩽ i ⩽ d, there is an isomorphism
ExtiA(X, Y ) ∼= Extd−iA (ηβ−1Y , X)∗,
which is natural in both variables.
Proof. Let M be an indecomposable nonprojective A-module. Since Ωd+1Ae A ∼= βA, we have Ωd+1A M ∼= βA ⊗A M ∼= βM as
left A-modules. By [21, Lemma 4.8] and its dual version for injective hulls, we have Ω−1ΩM ∼= ΩΩ−1M ∼= M in A-mod.
Therefore,Ω−d−1A M ∼= β−1M in A-mod.
Now, we have the following isomorphisms,
ExtiA(X, Y ) ∼= HomA(X,Ω−iY )
∼= HomA(Ω i−d−1X,Ω−d−1Y )
∼= HomA(Ω i−d−1X, ν(ηβ−1Y ))
∼= HomA(Ω i−d−1X, T Ω−2(ηβ−1Y ))
∼= Ext1A(Ω i−d−1X, T Ω−1(ηβ−1Y ))
(a)∼= HomA(Ω−1(ηβ−1Y ),Ω i−d−1X)∗
∼= HomA(ηβ−1Y ,Ω i−dX)∗
∼= Extd−iA (ηβ−1Y , X)∗,
where the isomorphism (a) follows from Auslander–Reiten formula. All the isomorphisms above are natural in both
variables. 
Proposition 4.1 immediately gives a sufficient condition for a Frobenius algebra to be stably Calabi–Yau.
Corollary 4.2. Let A be a Frobenius algebra with a Nakayama automorphism η. If there is a nonnegative integer d such that
Ωd+1Ae A ∼= ηA as A–A-bimodules, then A is a stably Calabi–Yau algebra.
Combining Theorem 3.4 with Proposition 4.1, we obtain the following duality for modules over Frobenius almost Koszul
algebras of periodic type.
Corollary 4.3. Let A be a Frobenius (p,q)-Koszul algebra of periodic type, and φ¯ be the algebra automorphism induced by a
Nakayama automorphism φ of A!. Then there is a natural isomorphism
ExtiA(X, Y ) ∼= Extq−iA (ξq+1φ¯−1Y , X)
∗
for any nonprojective indecomposable modules X and Y and 0 ⩽ i ⩽ q.
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4.2. Calabi–Yau property for almost Koszul algebras
Now, we discuss the Calabi–Yau property of almost Koszul algebras.
Proposition 4.4. If A is a Frobenius (p, q)-Koszul algebra with p > 2 and is stably Calabi–Yau of dimension d, then (q + 1)
divides (d+ 1).
Proof. By Remark 2.3, the minimal projective resolution of S can be obtained by splicing the following sequences together
(n ⩾ 0).
0→ W n+1 → A⊗ A!∗q ⊗W n
dq−→ A⊗ A!∗q−1 ⊗W n → · · · → A⊗ A!∗1 ⊗W n
d1−→ A⊗ A!∗0 ⊗W n → W n → 0,
where W = Ap ⊗ A!∗q , W 0 = S and W n = W⊗n for n ⩾ 1. Since p > 2, we have Ω i+1A0 is not semisimple unless (q + 1)
divides (i+ 1). If A is stably Calabi–Yau of dimension d, thenΩd+1A A0 ∼= ν−1(A0) in A-mod. Since A is Frobenius and p > 2,
the semisimple module A0 has no projective summands. By [21, Remark 4.9], the isomorphism also holds in A-mod. Thus
Ωd+1A (A0) is semisimple. So (q+ 1) divides (d+ 1). 
Now we give a sufficient condition for a Frobenius almost Koszul algebra of periodic type to be stably Calabi–Yau.
Corollary 4.5. Let A be a Frobenius (p, q)-Koszul algebra A of periodic type. If there is some positive integer l, such that
ξ (q+1)l(φ¯η)l−1φ¯ is an inner automorphism, where η is a Nakayama automorphism of A and φ¯ is the automorphism of A induced
by a Nakayama automorphism φ of the quadratic dual A!, then A is stably Calabi–Yau.
Proof. This follows from Theorem 3.4 and Corollary 4.2. 
By Theorem 3.7, a Frobenius (p, q)-Koszul algebra of periodic typemust be derived from a twisted superpotential, we get
the following corollary.
Corollary 4.6. Let A be a Frobenius (p, q)-Koszul algebra of periodic type, say A ∼= D(ω, q − 2), where ω is a twisted
superpotential of order q with respect to an automorphism τ . Then A is stably Calabi–Yau if there is some nonnegative integer l,
such that (τη)lτ is an inner automorphism, where η is a Nakayama automorphism of A.
Proof. It can be read from the proof of Theorem 3.7 thatΩq+1Ae A ∼= τηA. Then this corollary follows from Corollary 4.2. 
4.3. Examples
We give some examples of almost Koszul stably Calabi–Yau algebras.
Example 4.7. Let Q be a Dynkin quiver. The trivial extension algebra T (kQ ) is a (2, hQ − 2)-Koszul algebra, while the
preprojective algebra B(Q ) is (hQ − 2, 2)-Koszul algebra, where hQ is the Coxeter number of the Dynkin diagram. The trivial
extension of an algebra is symmetric. The Nakayama automorphism of B(Q ) has order 2, unless chark = 2 and the graph
Q is one of D2n, E7 or E8, in which case the order is 1 [4, Thm. 4.8]. Therefore, by Corollary 4.5 and Remark 3.6, we can see
that they are all stably Calabi–Yau. The Calabi–Yau dimension of the preprojective algebra is 2. If chark = 2 and the graph
Q is one of D2n, E7 or E8, the Calabi–Yau dimension of the trivial extension algebra T (kQ ) is (hQ − 2). In other cases, the
Calabi–Yau dimension of the trivial extension algebra T (kQ ) is (2hQ − 3).
Example 4.8. Let Q be the following quiver.
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Let A1 = kQ/R1, where R1 is the ideal generated by β1α1, β2α2 + β3α3, γ3β3, γ1β1 + γ2β2, ω1γ1, ω2γ2 + ω3γ3, α3ω3 and
α1ω1 + α2ω2.
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The elementω1 = β1α1+β2α2+β3α3−γ3β3−γ1β1−γ2β2+ω1γ1+ω2γ2+ω3γ3−α3ω3−α1ω1−α2ω2 is a twisted
superpotential with respect to automorphism φ1 and A1 ∼= D(ω1, 0), where the automorphism φ1 is defined by
φ1(αi) = γi, φ1(βi) = ωi, φ1(γi) = αi and φ1(ωi) = βi, 1 ⩽ i ⩽ 3.
The algebra A1 is a (3, 2)-Koszul algebra and it is stably Calabi–Yau of dimension 8.
Let A2 = kQ/R2, where R2 is the ideal generated by β2α1, γ1β1−γ2β2, γ3β2, β2α2−β3α3, β1α2, γ2β3,ω2γ1, α1ω1−α2ω2,
α3ω2, ω2γ2 − ω3γ3, ω1γ2 and α2ω3.
The element ω2 = γ3β2α1− γ2β2α2+ γ1β1α2+ γ2β3α3+ω2γ1β1−ω2γ2β2+ω3γ3β2+ω1γ2β3+α3ω2γ1+α1ω1γ2−
α2ω2γ2 + α2ω3γ3 + β2α1ω1 − β2α2ω2 + β3α3ω2 + β1α2ω3 is a twisted superpotential with respect to automorphism φ2
and A2 ∼= D(ω2, 1), where φ2 is the automorphism defined by
φ2(αi) = β4−i, φ2(βi) = γ4−i, φ2(γi) = ω4−i and φ2(ωi) = α4−i, 1 ⩽ i ⩽ 3.
The algebra A2 is a (2, 3)-Koszul algebra which is stably Calabi–Yau algebra of dimension 7.
Note that the algebras A1 and A2 are quadratic dual to each other.
Example 4.9. Let Q be following quiver.
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Let A1 = kQ/R1, where R1 is the ideal generated by βi+1αi − αi+1βi for i = 1, 3, 5 , αi+1αi and βi+1βi for i = 2, 4, 6. We
take the indices modulo 6. The element ω1 =∑i=1,3,5(βi+1αi − αi+1βi − αi+2αi+1 − βi+2βi+1) is a twisted superpotential
with respect to automorphism φ1 and A1 ∼= D(ω1, 0), where φ1 is the algebra automorphism defined by
φ1(αi) = −βi−2 and φ1(βi) = αi−2, 1 ⩽ i ⩽ 6.
The algebra A1 is a (2, 2)-Koszul algebra, which is stably Calabi–Yau algebra of dimension 5.
Let A2 = kQ/R2, where R2 is the ideal generated by βi+1αi + αi+1βi for i = 1, 3, 5 , βi+1αi and αi+1βi for i = 2, 4, 6. We
also take the indicesmodulo 6. The elementω2 =∑i=1,3,5(βi+1αi+αi+1βi−βi+2αi+1−αi+2βi+1) is a twisted superpotential
with respect to automorphism φ2 and A2 ∼= D(ω2, 0), where φ2 is the algebra automorphism defined by
φ2(αi) = αi−2 and φ2(βi) = βi−2, 1 ⩽ i ⩽ 6.
The algebra A2 is a (2, 2)-Koszul algebra, which is stably Calabi–Yau of dimension 14.
The algebras A1 and A2 are quadratic dual to each other as well.
5. Group actions
In this section, we first show that a skew group algebra extension of an almost Koszul algebra is again an almost Koszul
algebra and the group action commutes with the quadratic dual. Then we investigate the stably Calabi–Yau property under
group actions. In this section, we assume that the orders of all groups mentioned are invertible.
5.1. Almost Koszul property
LetV be a finite dimensional S–S-bimodule,A = T (V )/⟨R⟩ a quotient of the tensor algebra overV modulo a homogeneous
relation R. Then A is a natural graded algebra with A0 = S. Let G be a finite group of automorphisms of A which preserve
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the grading of A. Then the skew group algebra A#G is a natural graded algebra with Ai#G being its component of degree i,
where Ai is the component of A with degree i. On the other hand, since G preserves the grading of A, the group G acts on
the semisimple algebra S and S#G is also a semisimple algebra. The vector space V#G is an S#G-S#G-bimodule with action
given by
s1#g1(v#g)s2#g2 = s1g1(v)(g1g)(s2)#g1gg2,
for s1#g1, s2#g2 ∈ S#G and v#g ∈ V#G. So we have tensor algebra T (V#G). First, we will show that A#G is a quotient of
this tensor algebra. This is an easy consequence of the following lemma.
Lemma 5.1. There is an graded algebra isomorphism T (V#G) ∼= T (V )#G.
Proof. It is direct to verify that the map given by
v1g1 ⊗ v2g2 ⊗ · · · ⊗ vrgr → v1 ⊗ g1(v2)⊗ g1g2(v3)⊗ · · · ⊗ g1g2 · · · gr−1(vr)#g1g2 · · · gr
is a graded algebra isomorphism between T (V#G) and T (V )#G. 
The following corollary is a direct consequence of Lemma 5.1.
Corollary 5.2. If R is a homogeneous relation, then
T (V#G)/⟨R#G⟩ ∼= (T (V )/⟨R⟩)#G.
Now let A = T (V )/⟨R⟩ be a quadratic algebra. By the foregoing lemma A#G is a quadratic algebra too. The dual V ∗ is also
a G-module. That is, (g · f )(v) = f (g−1(v)), for v ∈ V and f ∈ V ∗. This action induces an automorphism of A! of degree 0.
Then G is also a group of automorphisms of A! which preserves the grading of A!. We claim that (A#G)! ∼= A!#G as graded
algebras.
First, we have the following lemma.
Lemma 5.3. V ∗#G ∼= (V#G)∗ as S#G-S#G-bimodules.
Proof. It is direct to verify that (v ⊗ g)∗ → g−1(v∗)⊗ g−1, for v ⊗ g ∈ V#G, defines an isomorphism. 
Theorem 5.4. We have A!#G ∼= (A#G)! as graded algebras.
Proof. First, we have A!#G ∼= (T (V ∗)/⟨R⊥⟩)#G ∼= T (V ∗#G)/⟨R⊥#G⟩ as graded algebras.
On the other hand, (A#G)! = ((T (V )/R)#G)! ∼= (T (V#G)/⟨R#G⟩)! ∼= T ((V#G)∗)/⟨(R#G)⊥⟩ as graded algebras. By
definition, we have ⟨(R#G)⊥⟩ ∼= ⟨R⊥#G⟩. So A!#G ∼= (A#G)! as graded algebras. 
Now we want to show that the skew group extension of an almost Koszul algebra is again an almost Koszul algebra.
Let A be a graded algebra and M , N be two graded A-modules, we denote by homA(M,N) the subspace of HomA(M,N)
which consists of the morphisms of degree 0. Let extiA(−,−) denote the derived functor of homA(−,−).
If L is a graded A#G-module, then the vector space L⊗k kG is a graded A#G-module defined by (a#h)(l#g) = (a#h)(l)#hg ,
for a#h ∈ A#G and l#g ∈ L#G. We write this module as L#G.
The following proposition is just the graded version of Proposition 9 in [17].
Proposition 5.5. Let M, N be graded A#G-modules. Then for all i ⩾ 0, we have
extiA#G(M#kG,N#kG) ∼= extiA(M,N)#kG.
Proof. Let P be a graded projective A#G-module. We have the following isomorphisms between graded vector spaces
HomA(P,N)⊗k kG ∼= HomA(P,N ⊗k kG)
∼= HomkG(kG,HomA(P,N ⊗k kG))
∼= Homk(kG,HomA(P,N ⊗k kG))G
∼= HomA(P ⊗k kG,N ⊗k kG)G
∼= HomA#G(P ⊗k kG,N ⊗k kG).
Taking the component of degree 0, we get
homA(P,N)#kG ∼= homA#G(P#kG,N#kG).
The isomorphism
Θ : homA(P,N)#kG → homA#G(P#kG,N#kG)
is defined by [Θ(f ⊗ g)](p⊗ h) = hf (h−1p)⊗ gh for g, h ∈ G, p ∈ P and f ∈ homA(P,N).
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Let · · · → Pi → Pi−1 → · · · → P1 → P0 → M → 0 be a graded A-projective resolution of moduleM in A-gr. Tensoring
with kG over kwe obtain an exact sequence in gr-A#G
· · · → Pi#kG → Pi−1#kG → · · · → P1#kG → P0#kG → M#kG → 0. (11)
Each Pi#kG is a graded projective A#G-module [17, Lemma 6]. So the complex (11) is a graded projective resolution ofM#kG
in gr-A#G. We have an isomorphism of complexes between
0→ homA(P0,N)#kG → homA(P1,N)#kG · · · → homA(Pi,N)#kG → · · ·
and
0→ homA#G(P0#kG,N#kG)→ homA#G(P1#kG,N#kG) · · · → homA#G(Pi#kG,N#kG)→ · · · ,
which induces an isomorphism between their homologies. Hence,
extiA#G(M#kG,N#kG) ∼= extiA(M,N)#kG,
for i ⩾ 0. 
Theorem 5.6. If A is a (p, q)-almost Koszul algebra, then the skew group algebra A#G is also a (p, q)-almost Koszul algebra.
Proof. By Proposition 5.5, we have
extiA(A0, A0(n))#kG ∼= extiA#G(A0#kG, A0(n)#kG)
∼= extiA#G(A0#kG, A0#kG(n)).
The theorem now follows from [4, Prop. 3.3 and 3.4]. 
5.2. Stably Calabi–Yau property
In [21], the authors discussed the problem when the stably Calabi–Yau property can be preserved under skew group
algebra extension. They proved that under some conditions, the stably Calabi–Yau property can be preserved if the group is
abelian. But the Calabi–Yau dimension of the skew group algebra is not known. If A is a Frobenius almost Koszul algebra of
periodic type, which is also stably Calabi–Yau, then we will show that, with some conditions imposed on the group action,
the algebra A#G is also stably Calabi–Yau for an arbitrary finite group G. Some description about the Calabi–Yau dimension
A#G can also be given.
Let G be a finite group of automorphisms of an algebra A. Then
(b#g) · a := bg(a),
a · (b#g) := g−1(a)g−1(b)
define a left and a right A#G-module structure on A respectively. However, A is not necessarily an A#G-A#G-bimodule. The
algebra Ae is also a G-module, with the group action defined by
g · (a⊗ b) = g(a)⊗ g(b),
for g ∈ G and a, b ∈ A.
Proposition 5.7. Let A be a Frobenius algebra with a Nakayama automorphism η, and G be a finite group of automorphisms of
A. If Aη ∼= A∗ as Ae#G-modules, then A#G is also Frobenius. The automorphism η′, given by
η′(a#g) = η(a)#g
for a#g ∈ A#G, defines a Nakayama automorphism of A#G.
Proof. Let ϕ : Aη → A∗ be an isomorphism of Ae#G-modules. Let (−,−)A : A × A → k be the bilinear form defined by
(b, a) = ϕ(a)(b). It is clear that the bilinear form (−,−)A is nondegenerate. Let (−,−)A#G : A#G×A#G → k be the bilinear
form defined by
(a#g, b#h)A#G = δg−1,h(a, g(b))A.
It is easy to see that this bilinear form is nondegenerate. Moreover, it satisfies that ((a#g)(b#h), c#k)A#G = (a#g, (b#h)
(c#k))A#G, for a#g , b#h and c#k in A#G.
Since A ∼= A∗ as left A#G-modules, the bilinear form is stable under the group action, we have
(a, b)A = (g(a), g(b))A = (g(b), η(g(a)))A
and
(a, b)A = (b, η(a))A = (g(b), gη(a))A
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for any a, b ∈ A and g ∈ G. Since the bilinear form (−,−)A is nondegenerate, we have ηg(a) = gη(a) for any a ∈ A and
g ∈ G. So a#g → η(a)#g defines an algebra automorphism on A#G. For a#g , b#h ∈ A#G, we have
(a#g, b#h)A#G = δg−1,h(a, g(b))A
= δg−1,h(g(b), η(a))A
= δg−1,h(b, g−1η(a))A
= (b#h, η(a)#g)A#G.
So A#G is Frobenius with a Nakayama automorphism η′ defined in the proposition. 
Theorem 5.8. Let A be a Frobenius (p, q)-Koszul algebra of periodic type and G be a finite group of automorphisms of A which
preserve the degrees. Let η and φ be Nakayama automorphisms of A and A! respectively. Suppose Aη ∼= A∗ as Ae#G-modules and
A!φ ∼= A!∗ as A!e#G-modules. If A is a stably Calabi–Yau algebra of dimension d1, and there is an isomorphism of Ae#G-modules
Ω
d1
Ae A ∼= ηA. Then A#G is stably Calabi–Yau. Moreover, if the Calabi–Yau dimensions of A#G is d2, then (d2 + 1) divides (d1 + 1).
Proof. LetM be an Ae#G-module. We define an A#G-A#G-bimodule structure on the spaceM ⊗k kG as follows,
(a#h) · (m⊗ g) · (b#l) := ahm((hg)(b))⊗ hgl,
where a#h, b#l ∈ A#G and (m⊗ g) ∈ M ⊗k kG. Denote this bimodule byM#G.
We claim that complex (7) is also a bimodule resolution of A as an Ae#G-module. The G-module structure on A⊗ A!∗i ⊗ A
is defined by
g(a⊗ α ⊗ b) = g(a)⊗ g(α)⊗ g(b)
for a⊗ α ⊗ b ∈ A⊗ A!∗i ⊗ A. The morphism A⊗ A → A is clearly an Ae#G-module homomorphism. Now we show that for
each 1 ⩽ i ⩽ q,
Di(g(a⊗ α ⊗ b)) = gDi(a⊗ α ⊗ b),
where a⊗ α ⊗ b ∈ A⊗ A!∗i ⊗ A.
Let {v1, . . . , vm} be a basis of V . For each 1 ⩽ i ⩽ m, write g(vi) =∑mj=1 cijvj, where cij ∈ k. Then g−1(v∗i ) =∑mj=1 cjiv∗j .
For g ∈ G, a⊗ α ⊗ b ∈ A⊗ A!∗i ⊗ A,
g · Di(a⊗ α ⊗ b) = g

m−
i=1
avi ⊗ v∗i · α ⊗ b+ (−1)i
m−
i′=1
a⊗ α · v∗i′ ⊗ vi′b

.
We have
g

m−
i=1
avi ⊗ v∗i · α ⊗ b

=
m−
i=1
g(a)g(vi)⊗ g(v∗i · α)⊗ g(b)
=
m−
i=1
g(a)

m−
j=1
cijvj

⊗ g(v∗i · α)⊗ g(b)
=
m−
j=1
g(a)vj ⊗
m−
i=1
cijg(v∗i · α)⊗ g(b).
For β ∈ A!i ,
m−
i=1
cijg(v∗i · α)

(β) =

m−
i=1
cij(v∗i · α)

(g−1β)
=

m−
i=1
cijα

((g−1β)v∗i )
= α

(g−1β)

m−
i=1
cijv∗i

= α((g−1β)(g−1(v∗j )))
= (v∗j · g(α))(β).
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So
g

m−
i=1
avi ⊗ v∗i · α ⊗ b

=
m−
i=1
g(a)vi ⊗ v∗i · g(α)⊗ g(b).
Similarly, we have
g

m−
i′=1
a⊗ α · v∗i′ ⊗ vi′b

=
m−
i′=1
g(a)⊗ g(α) · v∗i′ ⊗ vi′g(b).
Therefore,
Di(g(a⊗ α ⊗ b)) = gDi(a⊗ α ⊗ b).
Similarly, every homomorphism ∆i, 1 ⩽ i ⩽ q, in (8) also preserves the group action. Each fi, 1 ⩽ i ⩽ q, preserves
group action is clear. Therefore, the bimodule homomorphism in Theorem 3.4 is also an Ae#G-module isomorphism. By
Proposition 4.4, q+ 1 divides d+ 1, that is, there is some integer l, such that d1+ 1 = l(q+ 1). Therefore, as Ae#G-modules,
ξ (q+1)l(φ¯η)l−1φ¯A ∼= ηA,
where φ¯ is the automorphism induced by φ.
From Theorem 5.6 and Proposition 5.7, algebras A#G and A!#G are (p, q)-Koszul algebra and (q, p)-Koszul algebra
respectively, and both of them are Frobenius algebras. The algebra automorphism η′ defined by η′(a#g) = η(a)#g for
a#g ∈ A#G and the algebra automorphismφ′ defined byφ′(α#g) = φ(α)#g for α#g ∈ A!#G are Nakayama automorphisms
of A#G and A!#G respectively.
From the definition, for a#g ∈ A#G, we have φ¯′(a#g) = φ¯(a)#g . So the following bimodule isomorphisms hold:
ξ (q+1)l(φ¯′η′)l−1φ¯′(A#G) ∼= (ξ (q+1)l(φ¯η)l−1φ¯A)#G
∼= (ηA)#G
∼= η′(A#G).
By Corollary 4.2, A#G is a stably Calabi–Yau algebra. However, the integer lmay not be the least integer satisfying the above
isomorphism. If the Calabi–Yau dimension of A#G is d2, then (d2 + 1) divides (d1 + 1). 
Remark 5.9. In [15], the author consider the similar problem for differential graded Calabi–Yau algebras. Let A be a
differential graded Calabi–Yau algebra and G be a finite group, the author showed that under a compatibility condition
between the action of G on A and the Calabi–Yau structure of A, the crossed product A o G is still a Calabi–Yau algebra.
Let us illustrate Theorem 5.8 with two examples.
Example 5.10. Let A be the trivial extension algebra of type A3. That is, A = kQ/R, where Q is the following quiver and R is
the ideal generated by x32x21, x12x23 and x21x12 − x23x32.
1
x21
'
2
x32
'
x12
g 3
x23
g
Both A and A! are (2, 2)-Koszul algebras. The algebra A is stably Calabi–Yau of dimension 5 and A! is stably Calabi–Yau of
dimension 2.
Let G = {1, g} be the cyclic group of order 2, and let the action G on A is defined by
g(x12) = −x32, g(x23) = x21, g(x21) = x23 and g(x32) = −x12.
The induced action of g on A! is just a Nakayama automorphism of A!. We have that A#G is Morita equivalent to the
preprojective algebra of type A3, while A!#G is Morita equivalent to the trivial extension algebra of type A3. The algebras
A#G and A!#G are stably Calabi–Yau algebras of dimension 2 and 5, respectively.
Example 5.11. Let A be the trivial extension of typeD4. That is, A = kQ/R, where Q is the following quiver and R is the ideal
generated by x0ixi0 − x0jxj0 and xj0x0i for i, j ∈ {1, 2, 3} and i ≠ j.
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j
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* 3
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j
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If the characteristic of the field is 2, A is a stably Calabi–Yau algebra of dimension 4, otherwise, A is a stably Calabi–Yau
algebra of dimension 9.
(1) Let G be the cyclic group of order 3 generated by g . The group G acts on A as g(xi0) = x(i+1)0 and g(x0i) = x0(i+1) (we
take the indexed modulo 3). Then we have A ∼= A∗ as left Ae#G-modules. The skew group algebra A#G is Morita equivalent
to A itself.
(2)Let S3 be the symmetric group. There is a natural action of S3 on the index set {1, 2, 3}, which induces an action of S3
on the algebra A. That is, s(xi0) = xs(i)0 and s(x0i) = x0s(i) for s ∈ S3. However, A  A∗ as left A#S3-modules. The skew group
algebra A#S3 is Morita equivalent to the trivial extension algebra of type A5, which is still a stably Calabi–Yau algebra. But
the dimension is 9.
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